Abstract-This paper presents the exact analytical formulation of the three components of the magnetic field created by a radially magnetized tile permanent magnet. These expressions take both the magnetic pole surface densities and the magnetic pole volume density into account. So, this means that the tile magnet curvature is completely taken into account. Moreover, the magnetic field can be calculated exactly in any point of the space, should it be outside the tile magnet or inside it. Consequently, we have obtained an accurate 3D magnetic field as no simplifying assumptions have been used for calculating these three magnetic components. Thus, this result is really interesting. Furthermore, the azimuthal component of the field can be determined without any special functions. In consequence, its computational cost is very low which is useful for optimization purposes. Besides, all the other expressions obtained are based on elliptic functions or special functions whose numerical calculation is fast and robust and this allows us to realize parametric studies easily. Eventually, we show the interest of this formulation by applying it to one example: the calculation and the optimization of alternate magnetization magnet devices. Such devices are commonly used in various application fields: sensors, motors, couplings, etc. The point is that the total field is calculated by using the superposition theorem and summing the contribution to the field of each tile magnet in any point of the space. This approach is a good alternative to a finite element method because the calculation of the magnetic field is done without any simplifying assumption. 
INTRODUCTION
The magnetic field created by arc-shaped permanent magnets can be determined analytically by using three-dimensional [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and two-dimensional approaches [18] [19] [20] [21] [22] [23] . Such approaches allow us to realize parametric studies easily since their computational cost is very low. In ironless structures, the magnetic field can be modelled by using equally the Green's function or the Coulombian Model. The analytical expressions obtained are often based on special functions (elliptic functions, Lambad's function). In this paper we show that the azimuthal component created by a tile permanent magnet can be determined without using any special functions. We also proposed semi-analytical expressions for the radial and axial components based on special functions. The point is that we give an exact formulation of the three components of the magnetic field created by a radially magnetized tile permanent magnet. Moreover, these expressions take both the magnetic pole surface densities and the magnetic pole volume density into account. This means that the tile magnet curvature is completely taken into account. Furthermore, the magnetic field can be calculated exactly in any point of the space, outside as well as inside the tile magnet. It is noted that all the expressions given in this paper are three-dimensional, that is, we have obtained an accurate three-dimensional field. Eventually, we illustrate how such expressions are useful for studying the radial field created by alternate magnet structures. Indeed, such structures are very common in various applications such as sensors, motors or magnetic couplings. The expressions given in this paper are available online [37].
NOTATION AND GEOMETRY
The geometry considered and the related parameters are shown in Fig. 1 . The tile inner radius is r 1 ; the tile outer radius is r 2 ; its height is h = z 2 − z 1 and its angular width is θ 2 − θ 1 . Calculations are obtained by using the Coulombian model. Consequently, we must take into account the magnetic pole surface densities located on the inner and outer faces of the tile and the magnetic pole volume density located in the tile permanent magnet. The elementary magnetic field dH(r, θ, z) can be expressed as follows: where G(r, r j ) is the Green's function defined by
and σ * corresponds to the fictitious magnetic pole density. Eqs. (1) and (2) are equivalent to the Coulombian model since our structure is ironless.
THREE-DIMENSIONAL EXPRESSIONS OF THE MAGNETIC FIELD COMPONENTS
The three magnetic field components can be obtained by calculating the projection of the magnetic field H(r, θ, z) along the three defined axes u r , u θ and u z . We obtain the magnetic components H r (r, θ, z), H θ (r, θ, z) and H z (r, θ, z). It is noted that the azimuthal component H θ (r, θ, z) is fully analytical whereas the radial and axial components use elliptic integrals.
Radial Component H r (r, θ, z)
The radial component H r (r, θ, z) is given by
where
and
The function f (a, b, c, u) verifies:
with
and the special functions E * , F * and Π * are the elliptic functions.
Azimuthal Component H θ (r, θ, z)
The azimuthal component H θ (r, θ, z) is given by: 
It is emphasized here that the azimuthal component expression is fully analytical, that is, it does not use any special functions.
Axial Component H z (r, θ, z)
The axial component H z (r, θ, z) is given by:
with (14) and
THREE-DIMENSIONAL STUDY OF THE RADIAL FIELD CREATED BY ALTERNATE MAGNET STRUCTURES
Alternate magnet structures are commonly used in electrical machines for creating a radial field, in magnetic couplings or in magnetic sensors. The way of assembling tile permanent magnets depends greatly on the intended application. Let us first consider an assembly of tile permanent magnets radially magnetized (Fig. 2) . Each tile angular width is π 4 rad. Thus, the geometry owns four pairs of poles. We represent in Fig. 3 the radial field created by such a geometry for three radial distances r and in Fig. 4 its three-dimensional representation. We see here that it is very important to use a three-dimensional approach for precisely calculating the magnetic field created by arc-shaped permanent magnets. Moreover, the time necessary for representing the three-dimensional representation is very low (a few seconds). In addition, Fig. 3 clearly shows that such an approach can be used for studying an ABS sensor as such a sensor generally uses alternate magnets. Indeed, in such a sensor, the number of tiles used is an important parameter as an increase in the number of tiles can generate a decrease in the magnetic field magnitude. Consequently, only the 3D analytical approach allows us to know the number of tiles necessary to optimize the dimensions of an ABS sensor. More generally, as the computational cost is very low, we can easily change the tile dimensions in order to create another radial field. Let us consider an alternate magnet structure whose tiles are all radially magnetized but have not the same angular width. For example, let us consider the case when the first pole (north pole) has an angular width which equals second tile (the south pole) has an angular width which equals 2π 4 , and this configuration is repeated around the ring. We represent in Figs. 5 and 6 a radial field both in two and three dimensions. Here again, the time necessary for plotting the three-dimensional radial field is very low. Fig. 5 shows an interesting point. We can see that the more the radial field is calculated far from the magnets, the more it is uniform in front of the magnets whose angular width equals 2π 8 . This result is interesting because some applications do not often require a great radial field but rather a uniform radial field on a given angular space. We see here that this radial field is not uniform, neither close to but rather far from the magnets.
CONCLUSION
This paper has presented new three-dimensional expressions of the magnetic field created by tile permanent magnets. In addition, we have presented a fully analytical expression of the azimuthal component. As both the surface densities and the volume density are taken into account for calculating the magnetic field components, all their expressions are exact for all points in space, outside as well as inside the magnet. So, this means that the tile magnet curvature is fully taken into account, without any simplifying assumption. For example, these expressions allow us to study the magnetic field created by alternate magnet structures. Indeed, these structures are commonly used in many applications such as magnetic sensors, permanent magnet motors or magnetic couplings. So, their design and their optimization can be easily realized with such an approach as the presented expressions have a very low computational cost. We can say that such a threedimensional approach is a good alternative to a classical finite-element method. The expressions given in this paper are available online [37] .
